We study skyrmions in magnetic thin films with structural inversion asymmetry perpendicular to the film plane. We determine the magnetization texture of a single skyrmion and its dependence on the strength of the Dzyaloshinskii-Moriya interaction relative to the magnetostatic energy. Furthermore, we construct a phenomenological model that describes the interaction between the motion of skyrmions and electric currents to lowest order in spin-orbit coupling. We estimate the experimental verifiable velocities for current-driven motion of skyrmion textures based on available results obtained from domain walls dynamics.
I. INTRODUCTION
Topological excitations play an important role in modern physics.
1 They come in various forms, such as cosmic strings, vortices in superfluids and superconductors, and domain walls in ferromagnets. The topological excitations on which we focus here are magnetic skyrmions.
Skyrmion-like configurations of the magnetization direction in ferromagnets have been considered in quantum Hall ferromagnets 2 and spinor Bose-Einstein condensates.
3 More recently, there has been a surge of interest in ferromagnets with lack of inversion symmetry. The absence of such a symmetry leads, in combination with spin-orbit coupling, to the so-called Dzyaloshinskii-Moriya interactions that favor skyrmion magnetic textures. 4 This enhanced interest is in large part due to the discovery of skyrmion lattices in MnSi 5 and other ferromagnets 6 with bulk inversion asymmetry. Moreover, it was subsequently shown that these magnetic textures can be manipulated with charge currents of extremely low densities, 7 which leads to attractive possibilities for magnetic-memory applications. 8, 9 In these latter experiments, the coupling between skyrmions and electric charge current is largely understood in terms of adiabatic effects in which the spin of the conduction electron adiabatically follows the magnetization texture. Within this picture, the effect of charge current on the magnetization results from the socalled spin-transfer torques exerted by carrier spins on the magnetization. Conversely, the magnetization influences the conduction electrons which leads to effective magnetic fields and the topological Hall effect for static skyrmion textures, 10 and effective electric fields for dynamic magnetic textures.
11 However, this physical picture neglects intrinsic spin-orbit coupling, in that it assumes that spin-orbit coupling does not affect the dynamical interaction between magnetization and transport current.
12 (Spin-orbit coupling is, however, taken into account via the Dzyaloshinskii-Moriya interactions that determine the equilibrium magnetic texture.)
In the systems on which we focus in this article, the inversion symmetry is broken by interfaces rather than in the bulk and intrinsic spin-orbit coupling is typically important. In particular, we have in mind layered magnetic systems with perpendicular magnetic anisotropy (PMA), 13,14 such as, for example, Pt/CoFe/MgO and Ta/CoFe/MgO multilayers, that have taken the center stage in experiments on current-driven domain wall motion. [15] [16] [17] [18] The motivation for this work is twofold.
First, recent experiments have shown evidence for Dzyaloshinskii-Moriya interactions in experiments on domain-wall motion in these systems, 17, 18 opening up the possibility for studying skyrmions as well. Furthermore, we argue that our theory for current-skyrmion coupling is controlled by powers of spin-orbit coupling (via the expansion in magnetization gradients). This enables us to construct a phenomenological model for currentskyrmion interactions that takes into account spin-orbit coupling to lowest order and applies to generic quasi-two dimensional conducting ferromagnets with broken inversion symmetry perpendicular to the plane. This should be contrasted with understanding the coupling between domain walls and current in these systems, which is complicated because of the multitude of torques that can in principle exist, [19] [20] [21] some with different possible microscopic origins. 22 The theory for coupling of domain walls to current is, however, not straightforwardly controlled by integer powers of spin-orbit coupling. Moreover, detailed microscopic evaluation of the current-induced torques, including all possible effects realistically, is very hard due to the complex nature of the materials involved and the interfaces between them.
23,24
The second motivation for studying current-skyrmion coupling is that skyrmions represent a model system for understanding the coupling of current to magnetization. In addition to current-skyrmion coupling, we study the dependence of skyrmion profile on relative strength of spin-orbit coupling (via the DzyaloshinskiiMoriya interactions) and magnetostatic energy.
Although the systems we have in mind are the PMA materials discussed above, we note that our theory applies to current-driven skyrmion motion in any conducting fer-romagnetic system with the above-mentioned inversion asymmetry such as ferromagnets on topological-insulator surfaces, that have attracted attention recently.
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Using our theory, we estimate typical skyrmion velocities and find that their order of magnitude is around 10 m/s for a current density of 10 11 A/m 2 (which is a typical current density for experiments on domain wall motion). Below, we first discuss equilibrium skyrmion profiles. Subsequently we study the influence of current on skyrmion motion, and the generation of current by moving skyrmions. We also discuss contributions to the resistivity that arise from current-skyrmion coupling, and, in particular, contributions to the Hall resistivity on top of the contribution due to the topological Hall effect. These extra contributions to the resistivity arise due to the intrinsic spin-orbit coupling, and may be more important than the topological-Hall contribution in the systems that are currently investigated experimentally.
II. SKYRMION PROFILES
We start out by determining the magnetization texture of a single skyrmion. To second order in the magnetization direction, denoted by the unit vector Ω(x) (which is a function of position x = (x, y) in the plane), and gradients thereof, we have for the energy of the system that
In the above expression, the thickness of the system in the direction perpendicular to the plane (the zdirection) is denoted by t FM and the magnetization direction is assumed not to depend on z (note that Ω is, however, a three-dimensional vector). Furthermore, the first term corresponds to the exchange energy with spin stiffness J s and the second term to anisotropy, proportional to the constant K. The DzyaloshinskiiMoriya interaction is determined by the constant C.
That it is indeed related to inversion asymetry in the z-direction is made more explicit by noting that the Dzyaloshinskii-Moriya interactions can also be written as (ẑ × Ω) · (∇ × Ω). The last two terms in the expression for the energy correspond to external field H (in the zdirection) and dipolar field H d , where µ 0 is the permeability of vacuum and M the saturation magnetization. The dipolar field obeys Maxwell's equations, given by
To obtain skyrmion profiles we consider solutions with rotational symmetry around the z-axis. We write the position vector in cylindrical coordinates, such that x = (ρ, ϕ), and we consider magnetic textures that are parametrized as follows:
Here, the angle φ 0 determines whether the skyrmion is "hedgehog"-like (φ 0 = 0), or vortex-like (φ 0 = π/2). Analogous to Ref. 4 , but with arbitrary φ 0 , we find that the energy of such profiles is
where
on relative strength of Dzyaloshinskii-Moriya interactions and anisotropy, external and dipolar field, respectively, andρ = Cρ/J s is the dimensionless radial position. In the above, we have taken the system to be translational invariant in the z-direction in determining the dipolar field. A detailed treatment of the influence of the finite thickness of the film on the dipolar field and skyrmion size is beyond the scope of this work. See Ref. 8 for such a study. Minimizing the energy yields the equation
The energy contains two contributions related to the angle φ 0 . The first is due to the DzyaloshinskiiMoriya interaction and favors φ 0 = 0. The second is due to the dipolar field and favors φ 0 = π/2. We have numerically solved Eq. (4) for various values of φ 0 and C 3 and evaluated the energy in Eq. (3) (which is rather insensitive to the values of C 1 and C 2 ) for these solutions. We have found that for values of C 3 from zero up to C 3 ≈ 100, the value of φ 0 that minimizes the energy is φ 0 ≈ 0, whereas for larger C 3 the angle saturates to φ 0 → π/2. We take the experimental values quoted by Emori et al. 17 for which C 1 10,
10. For these parameters we therefore have that φ 0 = 0. Restricting ourselves to this experimental relevant case we show in Fig. 1 various skyrmion profiles obtained by numerically solving Eq. (4). We take the external field to point in the z-direction (H > 0, C 2 > 0) so that the magnetization at the skyrmion core points in the −z-direction, i.e., θ(0) = π, whereas the magnetization points in the +z-direction sufficiently far from the core. Since the skyrmions are stabilized by the competition between Dzyaloshinskii-Moriya and exchange interactions, the typical skyrmion size is on the order of J s /C ≡ λ. This is roughly 10 nm for the experimental values quoted in Ref. 17 .
III. CURRENT-DRIVEN SKYRMION MOTION
The fact that the scale of the skyrmion is set by the Dzyaloshinskii-Moriya interactions allows for classification of torques that describe coupling between current and skyrmion by their order in spin-orbit interaction, provided this interaction is weak. Introducing γ so as the parameter that characterizes the strength of intrinsic spin-orbit coupling, we have that C ∼ γ so , so that for skyrmion profiles each magnetization gradient carries one power of γ so . In hindsight, this implies that the first and third term in Eq. (1) are both O γ We now proceed by writing down symmetry-allowed current-induced torques and classify them according to their power in spin-orbit coupling. There exist two torques that are also allowed in fully rotation-invariant systems (i.e., system without inversion asymmetry in the z-direction), given by
where the current density in the x−y-plane is denoted by j. These are the conventional spin-transfer torques that are commonly used to describe current-driven magnetization dynamics without taking into account intrinsic spinorbit coupling in current-magnetization interactions.
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For skyrmions these are O (γ so ) because they are first order in magnetization gradients. The phenomenological parameter β determines the relative strength of the reactive and dissipative contribution above that correspond to the first and second term on the right-hand side of Eq. (5). Note that in microscopic theories nonzero β is the result of extrinsic effects, such as spin-flip scattering, 31-34 which we thus treat as being independent of the intrinsic spin-orbit coupling characterized by γ so . In principle, intrinsic spin-orbit coupling gives a contribution to β, which would lead to a skyrmion-current coupling term that is second order in spin-orbit coupling and should be neglected in our approach. In the layered systems that we consider here there are, however, always contributions to β that do not depend on intrinsic spin-orbit coupling, such as the interface contributions discussed in Ref. 35 . Hence, the term proportional to β should be kept within our approximation.
There exist two symmetry-allowed torques that are not expressed in gradients of the magnetization but require intrinsic spin-orbit coupling to occur, [36] [37] [38] and are thus O (γ so ). These are given by
One possible interpretation of these torques is that the field-like term (the first term on the right-hand side) is due to a current-induced polarization that exerts a torque on the local moments, with the term proportional to β the associated damping. 22 Alternatively, the second term on the right-hand side can be interpreted as a Sloncewskilike torque 39 due to absorption (by the ferromagnet) of a spin-Hall-like spin current flowing in the z-direction in the normal-metal part of the multilayer with spin polarization in the direction j ×ẑ, or as an intrinsic antidamping torque. 19, 22 The first term is then the associated field-like component. These microscopic interpretations of the torques cannot be distinguished by symmetry and are therefore treated here by a single parameter β . Regardless of their microscopic interpretation, both torques in Eq. (6) are allowed by symmetry and first order in γ so .
In addition to the four torques in Eqs. (5) and (6), there exist many more symmetry-allowed torques due to the combined effects of intrinsic spin-orbit coupling and magnetization gradient that are thus of order O (γ so ∇).
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For skyrmions, however, these are necessarily O γ 2 so , and can, to lowest order in spin-orbit coupling, be neglected. Hence, to lowest order in spin-orbit coupling the coupling between skyrmion texture and current is described by
where a, a , b, b are system parameters that can be evaluated microscopically for simple model systems. Given the complexity of the systems under consideration, we treat them here as phenomenological parameters. Note that Eq. (7) includes, to first order in spin-orbit coupling, the current-induced torques both for single skyrmions and skyrmion lattices. The dynamics of the skyrmions is conveniently studied by means of the Thiele equation, which follows from projecting the Landau-Lifschitz-Gilbert (LLG) equation on the zero mode corresponding to skyrmion motion. 7 This approach is valid provided the driving current is small.
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The LLG equation, including the current-induced torques discussed above, is given by
where γ is the gyromagnetic ratio and we have added a Gilbert damping term parameterized by the constant α G . At this point we note that, although we have included all terms that describe coupling between current and skyrmions to first order in intrinsic spin-orbit coupling, the above equation does not contain the anisotropic generalization of gyromagnetic ratio (via the left-hand side of the LLG equation), nor the anisotropic generalization of the Gilbert damping constant. Although these anisotropies are in principle present, they will not affect skyrmion motion at small currents.
As an ansatz for the LLG equation we take Ω(x, t) = Ω 0 (x − X(t)), where Ω 0 (x) is a static skyrmion profile, and X(t) the position of the skyrmion. Within this description we then find the Thiele equation (see also Ref. 41 )
where the dot denotes a derivative with respect to time, and αβ is the Levi-Civita symbol, and where summation over repeated indices α, β ∈ {x, y} is assumed. In the above, we used that the skyrmion winding number is an integer given by
where in the case of a skyrmion lattice the integration is over one unit cell of the lattice. The above winding number is associated with the mapping that underlies topological protection of the skyrmion excitation. 1 In our case we have that W = −1. For a single skyrmion we have furthermore that D αβ = Dδ αβ , I αβ = −I αγ R γβ (φ 0 ), and I αβ = −I R αβ (φ 0 ). Here, D, I, I are dimensionless numbers, 42 and R αβ (φ 0 ) are the matrix elements of the matrix performing counterclockwise rotations over an angle φ 0 .
43 Eq. (9) also describes rigid translation of a skyrmion lattice. In that case the coordinate X is the position of one of the skyrmions and the position of the others follows by lattice translations. Furthermore, the tensors D αβ , I αβ , and I αβ are then evaluated by carrying out the appropriate integrals over the unit cell of the skyrmion lattice.
44

IV. CHARGE TRANSPORT IN THE PRESENCE OF SKYRMIONS
Having discussed the influence of transport currents on skyrmion motion, we turn to the reverse effect, i.e., the current j Ω induced by skyrmion motion. Using Onsager reciprocity, 45 we find from Eq. (7) and (8) that
where σ is the diagonal part of the conductivity to zeroth order in spin-orbit coupling, such that the above equation is second-order in spin-orbit coupling for skyrmions (since ∂/∂t ∼ ∇ ·Ẋ ∼ γ soẊ ). The first term in the above equation has been dubbed spin motive force, 46, 47 with the second a dissipative correction. 45, 48 The last two terms have been derived microscopically in Ref. 49 Skyrmion magnetic textures also give rise to an additional, texture-induced, contribution, to the Hall effect. In Ref. 10, current-driven skyrmion motion was detected electrically via a drop in this contribution to the Hall effect. This drop is a result of the spin-motive force contribution to the electric field [arising from the first term in Eq. (11)], that counteracts the applied electric field. This analysis applies to vanishing intrinsic spin-orbit coupling in the interaction between curent and skyrmions. To investigate how intrinsic spin-orbit coupling alters these texture-induced Hall effects, we consider an applied electric field E, in addition to the currents induced by skyrmion motion. Hence, we have that j = σE + j Ω . In the situation of a drifting skyrmion texture (i.e., a single skyrmion or skyrmion lattice) we have that ∂Ω 0 (x − X(t))/∂t = −Ẋ(t) · ∇Ω. Assuming that transport is dominated by a single band with carrier density n and carrier charge e, we estimate the contributions to the resistivity due to the coupling between current and textures by replacingẊ →Ẋ − v, where v = j/ne is the carrier drift velocity. Inserting this into Eq. (11) and settingẊ = 0 allows us to extract the resistivity. We find for the contributions to the resistivity that result from the current-skyrmion coupling in Eq. (7) that
The first term in the above expression corresponds to the topological Hall resistivity. This Hall contribution is topological as its contribution per skyrmion is determined by the winding number defined in Eq. (10) . The third term is an extra magnetic-texture-related contribution to the Hall resistivity that arises due to spin-orbit coupling. The second and fourth terms are ordinary, i.e., planar and diagonal, contributions to the resistivity arising from coupling between texture and current. The first of these is present without spin-orbit coupling, 51 whereas the other arises because of spin-orbit coupling in combination with magnetization gradients. As a side remark, we note that -apart from the topological Hall contribution -the above corrections to the resistivity are nonzero also for textures other than skyrmions, such as domain walls. Also note that there are other contributions to the resistivity resulting from the magnetization, such as the anomalous Hall resistivity, that are not included in ∆ρ. The above contributions to the resistivity result from the current-skyrmion coupling in Eq. (7) .
To investigate the current in response to moving skyrmions or a linearly-moving skyrmion lattice, we evaluate Eq. (11) for a drifting magnetization texture so that ∂Ω/∂t = −(Ẋ(t) − v) · ∇Ω, where we allowed for the transport current via the drift velocity v. This yields
where A ∼ λ 2 is the area occupied by a single skyrmion (in the case of a skyrmion lattice, its unit cell). The terms proportional to a and I βα ∼ αβ give, for zero skyrmion velocityẊ = 0 a Hall contribution to the current (the contribution ∼ a being the topological Hall contribution, the other being the correction due to spin-orbit couping). Once the skyrmion lattice depins, the Hall current drops because the difference between longitudinal electron drift velocity and skyrmion velocity goes down. As a final remark, we note that the Joule heating associated with the current excited by the dynamic skyrmion texture [Eq. (11) ] gives an additional channel for magnetization relaxation that can be quite large in the clean limit, as was pointed out in Ref. 52 . This latter work did however not take into account intrinsic spin-orbit coupling effects on current-magnetization interactions.
V. CONCLUSIONS AND DISCUSSION
We have developed a phenomenological model for current-skyrmion interactions to first order in spin-orbit coupling, applicable to metallic ferromagnets with inversion asymmetry in one direction. In addition to adiabatic and non-adiabatic spin-transfer torques, this model takes into account field-like and Slonczewski-like torques that result from the inversion-symmetry breaking in combination with intrinsic spin-orbit coupling. The effects of these torques on skyrmion motion depend on the internal structure of the skyrmions that is determined by the angle φ 0 (this angle is zero for hedgehog-like skyrmions, and π/2 for vortex-like skyrmions). In particular, the direction of the current-induced forces on the skyrmions, with respect to the current direction, depend on this angle. This dependence could in principle be probed by studying systems with different strengths of DzyaloshinskiiMoriya interactions.
We point out that the classification of current-induced torques by their order in intrinsic spin-orbit coupling is possible for skyrmions because their size is set by the spin-orbit interaction itself. (In principle, the spin-orbit coupling should be weak; the strength of spin-orbit coupling can, to some extent, be tuned by doping with light elements or varying the composition of the non-magnetic alloy in the multilayer systems.) This implies that all factors involving magnetization gradients give rise to one power of spin-orbit coupling. In addition to being intrinsically interesting, skyrmion textures in PMA materials therefore also provide an important model system for comparing microscopic theories for current-induced torques in these systems with experiment.
To estimate a typical skyrmion velocity, we take parameters from Emori et al., 17 for which the dimensionless parameters are C 1 10, C 2 1, C 3 10 so that φ 0 = 0. We then find that D 1, I 0.003, and I −0.007. Adopting the viewpoint of Emori et al.,
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that the Slonczewksi-torque is the dominant one, we have that a = a = b = 0, and that b = γθ SH /(2eM t FM ) with θ SH the effective spin-Hall angle of the normal-metal layer. Using the values t FM = 1 nm, θ SH = 0.1 and M = 3 × 10 5 A m −1 , 17 we find that (taking again λ = 10 nm), |Ẋ| ∼ 0.1/α G m s −1 for current densities of |j| ∼ 10 11 A/m 2 . Here, we used that in nanostructures the current-induced forces perpendicular to the current are balanced by repulsive forces from the sample edge due to the Dzyaloshinskii-Moriya interactions, leaving the longitudinal forces as the main driving mechanism. 41, 53, 54 For typical values of the Gilbert damping parameter α G ∼ 0.1 − 0.01 this velocity is of the same order as domain-wall velocities reported for these systems. For the same parameters, we have that voltage drop ∆V per skyrmion is ∆V ∼ M b |Ẋ−v|/γ ∼ 10 nV ×|Ẋ−v| [m/s]. Depending on the internal structure of the skyrmion, this voltage drop could be longitudinal to the direction of skyrmion motion (φ 0 = 0), or transverse (φ 0 = π/2). As a side remark, we note that for moving domain walls in systems with b = 0 a similar voltage drop (longitudinal for Néèl walls, tranverse for Bloch walls) is expected. Hence, this voltage could potentially be used to electrically detect the position and motion of skyrmions and domain walls. Finally, we note that the experimental finding that the adiabatic spin-transfer torque is small (a 0 17 ) implies that the topological Hall effect signal is probably small in the materials with perpendicular magnetic anisotropy that are currently under investigation.
The skyrmions we have considered in this paper could be metastable single skyrmions, nucleated, for example, by inhomogeneous spin current distributions or by current in the presence of inhomogeneities induced by intended edge defects. 41, 53, 55 Alternatively, they could be thermodynamically stable skyrmion lattices. The latter occur once the energy gain due to DzyaloshinskiiMoriya interactions is comparable to the energies associated with fields and anisotropy, 4 i.e., when C 2 /J s ∼ K, µ 0 HM, µ 0 M 2 . For the parameters reported in Ref. 17 we have that C 2 /J s K is of order one, so that the prospects of observing skyrmion lattices in these systems appear to be good.
Finally, we mention that intrinsic spin-orbit coupling also results in phase-space Berry phases that affect semiclassical electron dynamics, as discussed for MnSi in Ref. 56 . Since we have worked at a phenomenological level, these effects are not directly visible in our formalism (see, however, Ref. 19) . A possible direction for future work would be to study these effects explicitly.
